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l. Motivations

Algebraic analysis and formal theory of PDEs

;.

Consider a PDEs system

Colul i
Y. F° (X’,a U}) =
OxH

2> x1 o x" ub,--.  uP: (in)dependent variables

= Fl ... F9: equations of the system

~

Objective: prove existence and
uniqueness of solutions

- what type of solution?
(classical, weak, distributions)

Algorithmic side:

Study of *

Objective: investigate algebraic
structure of the solution space

- symbolic solutions (formal
power series, Laplace inversion)

approximate Algorithmic side: compute exact
solutions by numerical schemes solutions
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Algebraic analysis:

Apply tools from algebraic geometry to PDEs

(D-modules, homological algebra, sheaf theory)

Module of a linear system Ru = 0: M := coker(.R) = D**? /DR

- R e D9*P, D: a ring of PD operators
= u € FP, F: a functional space (left D-module)

> M O :=K[xi, - ,x]/I(f1,- -, fy) from algebraic geometry

Malgrange’s iso.: homp(M,F) ~ kerr(R.) (i.e., F-points <+ F-solutions)

- investigate (X : Ru = 0) by means of properties of M

5/32



Algebraic analysis:

Apply tools from algebraic geometry to PDEs

(D-modules, homological algebra, sheaf theory)

Module of a linear system Ru = 0: M := coker(.R) = D**? /DR

- R e D9*P, D: a ring of PD operators
= u € FP, F: a functional space (left D-module)

> M O :=K[xi, - ,x]/I(f1,- -, fy) from algebraic geometry

Malgrange’s iso.: homp(M,F) ~ kerr(R.) (i.e., F-points <+ F-solutions)

- investigate (X : Ru = 0) by means of properties of M

5/32



Algebraic analysis:

Apply tools from algebraic geometry to PDEs

(D-modules, homological algebra, sheaf theory)

Module of a linear system Ru = 0: M := coker(.R) = D**? /DR

- R e D9*P, D: a ring of PD operators
= u € FP, F: a functional space (left D-module)

> M O :=K[xi, - ,x]/I(f1,- -, fy) from algebraic geometry

Malgrange’s iso.: homp(M,F) ~ kerz(R.) (i.e., F-points <+ F-solutions)

- investigate (X : Ru = 0) by means of properties of M

5/32



Example: module of a system, Malgrange’'s iso.

1

System: 2 unknowns functions u!, u? € F and 3 equations
y

Sy ut =5 0

1 o0 ut
7(82u1+81u2) = 0 <= Ru= %82 %01 =x 0
2 0o &)\,

hu- =5 0

Corresponding module: D := Q[d1,8] and M := D'*2/DIX3R

-> M has 2 generators mjy, my subject to 3 relations
1 1
O1.my =m 0 582.m1 -+ 581.”12 =m 0 Or.mo =pm 0

Malgrange’s iso. illustration: given ¢ : M — F and letting v/ := @(mj), then Ru =7 O:

81u1 Lp(al.ml) 0
Ru =5 |low?+iow? | =7 |e(302m+301m) | = [0
Ohu? 90(52-!772) 0
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,

Formal theory: solutions are formal power series

Procedure for constructing solutions:

e find relations between the coefficients of the Taylor development
- candidate for the general solution

e formulate effective criteria for checking validity of the candidate
e deduce the general solution and the dimension of the solution space

[ Formalism and computation ]

4\

e jet bundle of degree d: Jy; — X
> (Xi, Uju <+ Taylor coefF.) € Jy

e differential elimination

- express W/, = lower terms

> Xy = (Fp (Xi, Uju) = 0) C Jg - compute integrability conditions
e differentiation of equations e homological algebra
= prolongation: X411 C Jyy1 = X -> validate integrability conditions
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l. Motivations Formal integrability

Formal integrability

Def.: A system X, (of degree d) is formally integrable if Vm, r > 0:

Y mirtd i = Jmir(E)NImirid = Lmid = In(X)NImra (+ regularity conditions)
Intuition: differentiations of degrees m + r of F”'s

ol e
OxH

do not bring new integrability conditions of degrees < m+ d
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Formal integrability

Def.: A system X, (of degree d) is formally integrable if Vm, r > 0:
Y mirtd i = Jmir(E)NImirid = Lmid = In(X)NImra (+ regularity conditions)
Intuition: differentiations of degrees m + r of F”'s

ol e
OxH

do not bring new integrability conditions of degrees < m+ d

Example with one independent variable
Yi=(i=u)Ch~R = X~R, (t,u i)t
Differential elimination: u(mtr+1) — y(mtr) o5 (M) .o 5y Ym,r>0
New integrability conditions: involve u(™2) ... y(m+r) 3 ¥, is formally integrable

Solution space: 1-dimensional space generated by e!™® (X :=lim(--- = X2 —» X; — X))

u
Too 3 (to, i iy +) = (fo,u,u,u, o) & wt u(t = o) + S (6= t0)” + o (t— t0) 4
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l. Motivations Formal integrability

Example with three independent variables

o= (Ll33 = U3 = U13, U2 = Ll11) - b — X~ R3, (Xi, u, uj, U,'j) — (Xf)

Differential elimination: w3 — w13, U3 — w13 and ui> — w11 induce

uz33 ui23
ui33 and

u113 ui13
New integrability condition: ) = ¥, is formally integrable

Solution space: FPSs obtained from "parametric derivatives":

u(x) = u+ uyt + vy’ + usy? v == (x' — x0'))
Jr%(yl)2 +uny'y? + uisy'y® + %(ﬁ)2 +uisy’y® + %(ﬁ)2
+..

- corresponds to (Xoi, Uiy U1, U11, U13, U2, U13, U13, -+ + ) € T oo
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l. Motivations Formal integrability

Janet example (not formally integrable)
22 = (Ll33 = X2U11, U = 0) Q J2 — X~ R3

Differential elimination: uz3; — x%u11 and w2 — 0 induce

2233
X222 + 2un12 0
2u112

New integrability condition: w112 = 0 in X4 but w112 is free in X3

> ¥, — Y3 is not onto: X, is not formally integrable

Solution space: 777
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l. Motivations 2-acyclicity and Koszul homology

Integrability defect and homology
Question: what type of finite test for proving formal integrability?
- based on differential elimination (S-polynomial like criterion)

Fact: H? Spencer cohomology of the (comodule) symbol does not vanish

for the Janet example

11/32



l. Motivations 2-acyclicity and Koszul homology

Integrability defect and homology

Question: what type of finite test for proving formal integrability?
- based on differential elimination (' S-polynomial like criterion )

Fact: H? Spencer cohomology of the (comodule) symbol does not vanish

for the Janet example

11/32



Integrability defect and homology

Question: what type of finite test for proving formal integrability?

- based on differential elimination (' S-polynomial like criterion )

Fact:  H? Spencer cohomology of the (comodule) symbol does not vanish

for the Janet example

Theorem (Goldschmidt). Assume that the symbol of X, is 2-acyclic. If Xq11

is a fibered manifold and if X441 — X4 is onto, then X, is formally integrable.

Theorem (Serre). Spencer and Koszul complexes are dual to each other.

- 2-acyclicity < H, Koszul homology of the symbol of ¥4 vanishes
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l. Motivations 2-acyclicity and Koszul homology

Proving formal integrability

Procedure:
e prove 2-acyclicity = how?
e prove that X 4.1 is a fibered manifold - rank computation

e prove that X411 — X, isonto => differential elimination

If fail: apply a finite prolongation/projection method
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l. Motivations 2-acyclicity and Koszul homology

Proving formal integrability

Procedure:
e prove 2-acyclicity = how?
e prove that X 4.1 is a fibered manifold - rank computation

e prove that X411 — X4 isonto -> differential elimination

If fail: apply a finite prolongation/projection method

Our contribution:

compute H, Koszul homology of

=> using OREMORPHISMS and OREMODULES Maple packages
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Il. COMPUTATION OF KOSZUL HOMOLOGY
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Il. Computation of Koszul homology Symbol module

Symbol module

Background: (Xy:Ru=0), ReDP, D=8, 0

- B: a commutative differential ring, equipped with derivations §;'s

- D: generated by B and 9;'s, subject to relations 9;0; = 0;0;, 0;b = bd;+6;(b)

= Dis a filtered ring: 9;b = b0; + d;(b) is not a homogeneous equation
Informal def.: the symbol module is the module of the top-degree part of X4

= cancels low derivatives in the equations (e.g., Qou=011u > 0=011v)
Construction: based on the graded ring of D = | D := | JB(O1,"* , On)m

> A:=gr(D) =P (Dm/DPm-1), 0m:Dm —> Dm/Dm-1, xi:=01(d)

> A~ B[x1, - ,xn]:  Xxib=01(0ib) = o1(bd; + 6i(b)) = 01(bO;) = bxi

- the symbol module is the graded module of o4(R) := (crd (Rij)) € AP

gr(M) = A(0)"*P/A(—d)904(R)  (shifts will be omitted)
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Il. Computation of Koszul homology Symbol module

Examples (with p = 1 unknown function)

Constant coefficients: (Zg ToU33 = Uz = W13, Uip = u11)
o R= (%005 05— 0105 02— )
e D =Q[d, 0, 85] ~ A= Q[x1, x2, x3]
(B = Q has trivial derivations: 9;q = q0;)
> gr (M) = A/A (G —xi xexs —xaxs xxe—x3) |
Parametric coefficients: (X2 : wuss = tpp = 13 = u1p = 0, w3 = auny)
o« R=(% &ds—ad? B 0,05 )

e D =Q[a][0h, 2, 05] ~ A = Qle][x1, X2, X3]
(B = Q[a] has trivial derivations: 9;p(«) = p()d;)

.
> gr(M)=A/A° (§ xexs—axi 3 s xixe)
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Il. Computation of Koszul homology Symbol module

Janet example

Polynomial coefficients: (X2 : us3 = x?u11, w2 = 0)

o R=(%-x3% &)

o D= Az :=Q[x', x%, x*|(01, D2, 03): polynomial Weyl algebra

Q[x*, x?, x*] with usual derivations: dx/ = x/8; + &
° A - Q[X17X27X3][X17 X27X3]

> gr(M) = A/A2 (G —x23 N3)T

Remark: D # A as rings but D ~ A as vector spaces
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Il. Computation of Koszul homology Koszul homology of the symbol module

Koszul complex

Let M be a graded A := BJ[xz1, -+ , xn]-module (B: a commutative ring)
Tangent module: T := A1 =Bx1®--- & Bxn >~ B"

Exterior algebra: A°T =N T =B TeNTE--- AT

= B-module generated by x1,- -, xn subject to xi A xj = —Xj A Xi
(in particular: x; A xi = 0)

-> free B-module with basis xi A -+ A xi, i1 <+ <k

Koszul differential: diqq : AT1T © M — A*T ® M defined by

k+1
Ok1 (Xi1 AN AN X, @ m) = Z(_l)J+1Xi1 AR /\i’?/\ T A X @ Xi;m
j=1

Remark: O is A-linear: Ox(p(v ® m)) = Ok(v @ pm) = pdk(v ® m)
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Il. Computation of Koszul homology Koszul homology of the symbol module

Koszul complex 11

Let M be a graded A := B[x1,: - , xn]-module

Prop.: the Koszul complex (A®*T,d.) is a complex of A-modules

Proof: Ok o Ok41 (Xi1 A A X @ m) is equal to

k+1
1 -
O Z(_I)H X A AXG A A Xy ® XM
j=1

k+1 j—1
= D I A AXG A A A A X ® XXM

j=1 I=1

k+1 k+1
3 S 1Y A AT A AT A A X ® X

j=1 I=j+1

=0
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Il. Computation of Koszul homology Koszul homology of the symbol module

2-acyclicity and involution

Let (X4 : Ru=0) and gr (M) be the symbol module of X4
(R € qup’ D= B<817 o 78n>r A= gr(D) = B[X17 to 7Xﬂ])

Koszul homology of gr (M): the Koszul complex (of .A-modules) is

O
0—>A"T®gr(M)ﬂ>/\"71T®g"(M)_i"'&) T®gr(/\/l)i>gr(/\/l)—>0

The of gr (M) is the A-module (9p41 := 0 and 9y := 0)
~ ker(d
e () = e (v0) = @D )

Definition. The symbol module gr (M) of ¥, is said to be
= 2-acyclic if Hi(gr (M)) = Ha(gr(M)) =0

- involutive if Hi(gr(M)) =--- = Hy(gr (M)) =
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Il. Computation of Koszul homology 2-acyclicity criterion

Computation of homology modules

Let M; = AlXPi/ (.Alxq"R,-) and M» —f> M; 5 Mg be a complex of A-modules
Fact: 3 P;'s and Q;'s such that the following diagram commutes

R>

AL ALxP2 Mo 0
.Q{ .p{ i
Atxar By qixp My 0
.Q{ .p{ {
Atxao B0y g1xpm Mo 0

e generators of M; are mapped to lin. comb. of generators of M;_1 = 3P;
e generating relations of M, are mapped to 0 in M;_; = 3Q; st RiP; = Q;Ri_1

Presentation of H: 35’,5" : ker (g;) = A (5’ —5”) and

ker(g)/ im(f) — A1><s’5// (Alx(pz+q1) (;i))

Implementation: if A is an Ore algebra, OreModules computes S’ and S”

\
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Il. Computation of Koszul homology 2-acyclicity criterion

\

How to prove that homology vanishes?

Let M> Q My LN M, be a complex of A-modules

Homology module: H(Mz — My — Mo) = A S/ A*5S
- lines of S’ represent generators of ker(g)

- lines of S represent generators of im(f)
Acyclicity criterion: the following are equivalent

> H (M5 M1 5 Mo) =0

> Alxs’sl C AlXsg

- there exists T € A® *° such that &' = TS

Implementation: if A is an Ore algebra, OreModules computes T (if it exists)
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Il. Computation of Koszul homology 2-acyclicity criterion

Computation of Koszul homology

gr (M) := AP/ A9 4(R): symbol module of (X4 : Ru=0)
Presentation of A*T @ gr (M): AP /A %9g4(R), r := dimp (AKT)

Matrix representation of J:

Alxrk+lk{rkﬂ>(Rj41x,k+lp AT @gr (M) —— 0
.PkH@/{ l Pi1®lp Pm
At TR iy NT@gr(M) —— 0
.P@a/{ J.Pk@p lak

Alxrk,l'é -197 ’_?/)llxrk,lp /\kfl—,— ® gr (/\/l) 0
- P,: analogous to grad, rot, div
Consequence: 2-acyclicity may be proven using OreMorphisms and OreModules

Remark: involution may be proven analogously
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Il. Computation of Koszul homology 2-acyclicity criterion

Theorem (C., Cluzeau, Quadrat; 2022).

Let X4 be a linear system of PDEs and let gr (M) be the symbol module of X,.
Let S, S’ be two matrices such that

Hg(gr (M)) _ Alxs’s// (Alxss)

Then, gr (M) is 2-acyclic iff the top degree part of S’ is a left-multiple of S.
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I11. Examples
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111. Examples Constant coefficients

Example 1

(22 ©oU33 = W13, U3 = U13, U2 = U11). A= Q[X17X2,X3]

Symbol module: gr(M) = A/ A3 (xg —X1X3  X2X3 — X1X3  X1X2 — X%)T

Koszul complex (degree 2): A*T ® gr (M) BENYY o ® gr (M) 2T gr (M)
D B(XIAX2AX3®M) =x2 AX3® x1m — X1 A X3 ® Xam~+ x1 A X3 ® xam
> H(xi Axg ©m) =X O Xim = Xi @ xjm-

Ex. of 2-cycle: ¢ := x3 A x1 ® (x1x2 — X3)

= 3(c) = x1 ® (x1x2X3 — X2X3) + X3 @ (—xix2 + x1x3) = 0
—_— —_——

—x2(x2x3—Xx1X3) x2(x1x2—x2)

Ex. of 2-boundary: ¢ = 33(v), v:= x1 A x2 A x3 ® (X1 — X2); indeed

93(v) = x2A3®(E — x1x2) + X3 A xa @ (xaxz — X3) FxaAxe®@(x1xs — x2x3) = ¢
—_——— —_——

0 c 0
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111. Examples Constant coefficients

Example 1 (continued)

-
gr(M) = A/AV3 (3 —xixs xaxs —x1xs xaxz — x3)
Koszul complex (degree 2): A3T ® gr (M) RENYES & ® gr (M) BENS ® gr (M)

- the A-module A>T ® gr (M) is generated by {XQ Ax3®LxsAx1®Lx1Ax2® 1}

Hy Koszul homology: Ha(gr (M)) = A1*X7S’/ (AIXIOS)

, X X2 X3

X3 — X1X3 0 0
X3 X3 X3 X2X3 — X1X3 0 0
X1 X2 X3 - 0 0
0 i xe 0 X1X2O X1 s ’
s = 0 X2X3 — X3 0 S = 0 X3 *7X1X3 0
0 0 xax3 — %2 ¢ X>2(X>3< 7X)1<X3 S

0 0 X1X3 = X3 0 e 2 — xix3

0 0 — 3
X1 xaxz 0 0 X2X3 — X1X3
0 0 X1X2 — X1
Remarks.

- columns of S and S’(—>{u::x2/\xg®1, vi=x3Ax1®1, w::x1/\x2®1}

> x3(u+v+w) and (x1 — x2)v are # 0 in Ha(gr(M)), but have degrees 1 # deg(S’)

2-acyclicity test: success
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111. Examples Parametric coefficients

Example 2

(X203 =un = w3 = w2 =0, 3 =aun), A=Qa]lxi,x2 xs]
.
Symbol module: gr(M), = A/A™ (\d xaxs—axd X3 xue xixe)

Koszul complex (degree 2): A*T ® gr (M), BT gr (M), 2, T8 gr (M),
2 B AX2AX3®M)=X2AX3® Xx1m — X1 A X3 ® X2m + x1 A X3 ® xam
> 0(Xi AX; ®m)=Xx; ®xim— Xi ® X;jm.
Ex. of 2-cycle: ¢ := x3 A x1 ® ax?
> h(c)=x1® axixs +x3® (—axi) = x3® ((xaxaxs — axi ) —xaxexs ) =0
—— —_— —
axi(x1x3) x1(x2x3—ax?) x3(x1x2)
Ex. of 2-boundary: ¢ = 33(v), v:= x1 A X2 A X3 ® x3; indeed

2 BV =2 A XX FXAXI®X2X3 FX1IAX2 @ X3 =c¢
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111. Examples Parametric coefficients

Example 2 (continued)

.
gr(M), = A/A (33 xaxs—axd X3 xxs xixe)

Koszul complex (degree 2): A3T ® gr (M), RENYES & ® gr (M), or ® gr (M),

H> Koszul homology: H, (gr (M)a) = Alx1lgy (AIXIGS)

X1 X2 X3
X% 0 0
X2X3 — Df)(% 0 0
X2 0 agq Xg 0 0
X ax
- ot o X1X3 0 0
) 0 o X1X2 0 o
X3 0 x3 0
X2X3 0 0 0 Zax? 0
S/ _ X% 0 0 s = X2X3 ) X7
0 X3 0 0 X 0
0 X2 X3 0 X1X3 0
0 X3 0 X1X2 02
0 0 x3 0 0 x3
0 0 X1X3 0 0 x2x3 — ax?
0 0 x5
0 0 X1X3
0 0 X1X2

2-acyclicity test: success.
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111. Examples Parametric coefficients

Example 2 (continued)

.
gr(M), = A/A (33 xaxs—axd X3 xxs xixe)

Koszul complex (degree 2): A3T ® gr (M), RENYES & ® gr (M), or ® gr (M),

H> Koszul homology: H, (gr (M)a) = Alx1lgy (AIXIGS)

X1 X2 X3
X% 0 0
X2X3 — Df)(% 0 0
X2 0 agq Xg 0 0
X ax
- ot o X1X3 0 0
) 0 o X1X2 0 o
X3 0 x3 0
X2X3 0 0 0 Zax? 0
S/ _ X% 0 0 s = X2X3 ) X7
0 X3 0 0 X 0
0 X2 X3 0 X1X3 0
0 X3 0 X1X2 0
0 0 x3 0 0 x3
0 0 X1X3 0 0 x2x3 — ax?
0 0 x5
0 0 X1X3
0 0 X1X2

2-acyclicity test: success. Moreover, gr (M), is involutive iff o # 0
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111. Examples Polynomial coefficients

Example 3 (Janet example)

(X2 wsz = x2un1, up = 0), A:= Q[xl,xz,x3][x1,xz,x3]
Symbol module: gr (M) = A/ A (x§ —x*x3 X%) !
Notation: u:=x2 A x3, V:=X3A X1, W:=Xx1AX2
= generate A? ® gr (M) as an A-module
Homology defect: ¢ := u® y2x3 +w®x*Xx1X2 = X2 A X3 ® X2X3 + X1 A X2 ® x> x1X2

2 0(c) =x® (—*x1x3) +x2 @ (—xax3 +X°xix2 ) +x3® (x6x3 ) =0
~—— —_— <~
—x(x3) —x2(§—x3) x3(x3)

Moreover, 83( =X1 A\ X2 A\ X3 ® (P1X1 + P2X2 + P3X3)> = Au + v =+ vw, where

A= Pud 4 Poaxa+Pixaxs, po= o, v=-o

Hence, 95(x) = ¢ = Pix] + Paxix2 + Pax1xs = X2x3: IMPOSSIBLE!
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111. Examples Polynomial coefficients

Example 3 (Janet example)

(T2 wss = xPun, un =0),  A:=Qx,x% x°|[x1, x2, x3]
Symbol module: gr (M) = A/ A ()é — X%y X%) T
Notation: u:=x2 A x3, V:=X3A X1, W:=Xx1AX2
= generate A? ® gr (M) as an A-module
Homology defect: ¢ := u® x2xs +w®x*x1x2 = X2 A X3 ® X2X3 + X1 A X2 @ x*X1X2
2> 0(c) =x1® (—xx1x2 ) + x2 ® (—x2x3 + x*xix2 ) +x3 @ ( x3x3 ) =0
—— —_— ~—~
= (x3) —x2(x§—x}) x(x3)

Moreover, 83( =X1 A\ X2 A\ X3 ® (P1X1 + P2X2 + P3X3)> = Au + v =+ vw, where

A = P+ Paxaxe + Poxaxs, po= o, v=--

Hence, 63( ) =c= PIX% + Poxix2 + P3xixs = x2X3: IMPOSSIBLE!
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111. Examples Polynomial coefficients

Example 3 (continued)

gr(M) = A/AY2 (3 —x23 A3)T

H,> Koszul homology: Ha(gr (M)) = AY8S’/ (A1X75)

X1 X2 X3
X% 0 5 0 X2 }szz
X2X3 0 x“X1Xx2 3 2 !
s X3 ®x1X2 x*X1X3 s — o
= 0 3 0 =
X2 0
0 XZX% - X% 02 0
0 0 2 X2 0
0 0 X“X1 — X3

2-acyclicity test: fail

Koszul complex (degree 2): A*T ® gr (M) BT gr (M) ATe gr (M)

X3
0
0
0
0
X5 - ;zxf
X2
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IV. CONCLUSION AND PERSPECTIVES
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IV. Conclusion and perspectives

Conclusion and perspectives

Summary of presented results
- new criterion for proving 2-ayclicity of linear PDEs systems

- effective test using OreMorphisms and OreModules packages

Remark. Involution can be checked with OreMorphism and OreModules
Further works

- go further into the effective approach to Spencer cohomology

(Koszul-Tate theory, Spencer sequences)

=> applications to physics and control theory

(elasticity theory, minimal realization, - --)

- investigate rewriting systems over jet bundles

(differential elimination, homotopy of rewriting systems)
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Conclusion and perspectives

Summary of presented results
- new criterion for proving 2-ayclicity of linear PDEs systems

- effective test using OreMorphisms and OreModules packages

Remark. Involution can be checked with OreMorphism and OreModules
Further works

- go further into the effective approach to Spencer cohomology

(Koszul-Tate theory, Spencer sequences)

=> applications to physics and control theory

(elasticity theory, minimal realization, - --)

- investigate rewriting systems over jet bundles

(differential elimination, homotopy of rewriting systems)

THANK YOU FOR LISTENING!
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